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Let .X be a maximal set of pairwise disjoint partitions of n into t distinct parts. 
Let M,(n) (resp. m,(n)) denote the size of the largest (resp. smallest) such maximal 
set 5. Upper and lower bounds for M,(n)/n and m,(n)/n are established. 
Consider partitions of an integer n into the sum of t distinct positive 
integers. Two partitions n = a, + ... + a, and n = b, + ... + b, are disjoint if 
ai # bj for all i, j = l,..., t. Let 
2C= (n=ai,, + .a. +ui,tIi= l,..., s) 
be a set of s pairwise disjoint partitions of II into t distinct positive integral 
parts. The set 27 is maximal if for every partition n = b, + .-. + 6, into t 
distinct parts there exists an integer i = l,..., s such that 
Clearly, every set of pairwise disjoint partitions of 12 into t distinct parts is 
contained in a maximal set. 
Let M,(n) (resp. ml(n)) denote the cardinality of the largest (resp. 
smallest) maximal set of pairwise disjoint partitions of n into t distinct parts. 
Clearly, 1 < m,(n) <M,(n) < n/t. Also, M,(n) = m,(n) = 1 and M,(n) = 
m,(n) = [(n - 1)/2]. H owever, m,(n) # M,(n) for t > 3 and n > N(t). For 
example, the sets Si={11=1+2+8} and Sz=(11=1+3+7, 
11 = 2 + 4 + 5} are two maximal sets of partitions of 11 into 3 distinct 
parts, and 1 = m,(l 1) < M,(l 1) = 2. The purpose of this note is to estimate 
the numbers M,(n) and m,(n). This problem arose in discussions with K. 
Stolarsky at the Illinois Number Theory Conference in May, 1981. 
Notation. Let [u,bl, (a,b], and [a, b) denote, respectively, the sets of 
integers n such that a < n < b, a < n < b, and a < n < b. Let /X( denote the 
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cardinality of the set X. Then I(a, b]l < b - a + 1. Let [z] denote the integer 
part of z. Let Y\X denote the relative complement of X in Y. 
The estimates for M,(n) and m,(n) depend on the construction of a class of 
maximal sets of pairwise disjoint partitions of n into t distinct parts. 
LEMMA 1. Let t > 2. Let A = {ai,i 1 i = l,..., s and j = l,..., t - 1 } be an 
s x (t - 1) matrix of positive integers such that 
(i) if m E [ 1, s(t - l)], then m = ai.j for some i = l,..., s and 
j = l,..., t - 1. 
(ii) ifbi= Cf:i u,,~, then b, < b, < ... < b,. 
Let 
b,+s(t-l)+ L,<n<st(t- l)+~- t(t+ 1) 1 . 
Define ai,t = n - bi for i = l,..., s. Then 
1 
I 
X= n = x;’ u,,~ 1 i= I,..., s 
,?I I 
is a maximal set of s pairwise disjoint partitions of n into t distinct parts. 
Proof: Clearly, for i = l,..., s 
n = bi + (n - bi) = G ai j. 
,r, - 
Since b, < ... <b,andson-b,> ... > n - b, > s(t - l), it follows that the 
st numbers ai,j with i = l,..., s and j = l,..., t are distinct. Thus, s is a set of 
s pairwise disjoint partitions. 
Let c, < c2 < ..+ < c, be t distinct positive integers such that ck f ai,j for 
all i= 1 ,..., s and j, k = 1 ,..., t. It follows from condition (i) that c, > s(r - 1) 
and so 
+ c,> + (s(t-l)+k)=st(t- l)+ 2 t(t + 1) 
k:l k:l 
---2n+l. 
Therefore, xi=, c, is not a partition of n, and so the set 27 is maximal. 
LEMMA 2. Let t > 2. There exists an s x (t - 1) matrix of positive 
integers A = {ai, j ) i = l,..., s and j = I,..., t - 1 } such that 
(i) if m E [ 1, s(t - I)], then m = ai j for some i = l,..., s and 
j= I,..., t - 1; 
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(ii) ifbi = CfI: ai,j, then b, < b, < ... < b,; and 
(iii) b, = (t*s/2) - s(t - 1) - 1 + ((t + e)/2), 
where 
& = 0, for t even or s odd, 
= 1, for t odd and s even. 
This result for b, is best possible. 
Proof The construction of the matrix A depends on the parity of s and t. 
Let t = 2u be even. For i = l,..., s and j = l,..., t - 1, define 
ai,j= (j- 1)s +i, for j odd, 
=js + 1 -i, for j even. 
(*I 
Then 
{a,,j, %,j,..., a,,jJ = [(j- 1)s + l,js] 
for j = I,..., I - 1, and so the matrix A = {ai,j 1 i = I,..., s and j = I,..., t - I} 
satisfies,condition (i). Moreover, 
t-1 U-l u-1 
bi=K7aij= K- a,,,+ K’ a,,,,, 
jCi k:, ’ kr0 ’ 
U-l 
=i+ k:, {(2ks+l-i)+(2ks+i)} 
=i+u- 1+2su(u- 1) 
2 
=i+.f- 1 ++St. 
In particular, 
b,=$-s(t- l)- 1 ++. 
Thus, the matrix A satisfies conditions (ii) and (iii). 
Let t = 224 + 1 be odd. For i = 1, 2 ,..., s and j = 3,4 ,..., t - 1, define ai.j by 
(*). Then 
t-1 
U {a,,j7--, a,,j} = [2s + 1, s(t - l)]. 
j=3 
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For i = 1, 2 . . . . . s, 
= kz2 ((2ks + 1 - i) + ((2k - 2)s + i)l 
=As a+ 1) 
i 2 -1 +u-l-2s(u-1) ) 
2 5 +s(I-l)-l++-rs-~. 
Let s = 2r + 1 be odd. Define 
ai,, = 2i. for i = 1, 2 ,..., r, 
= 2(i - r) - 1, for i=r+ l.....s, 
Ui.* = S + r + 1 - i, for i = I,..., r, 
=2s+r+ l-i, for i = Y + I,..., s. 
Then (~~,~,a~,~ ,..., u~,~}= [l,s] and (~,.,,a,,, ,... ,a,,,} = Is+ 1,2s], hence 
the matrix A = (ai,j ) i = l,..,, s and j = l,..., t - 1) satisfies condition (i). 
Moreover, 
Uj.f + Ui.2 = tS + j + i 
for i = 1, 2 ,..., s. Therefore, 
t-1 2 
bi = x ai,j = y - s(t - 1) - 1 + + - s + i 
j= I 
and so 
b, = $ - s(f - 1) - 1 + +- 
Thus, the matrix A satisfies conditions (i) and (ii). 
Let s = 2r be even. Define 
ai,, = 2i - 1, for i = l,..., r, 
= 2(i - r), for i = r + l,..., s, 
ai, = s + r + 1 - i, for i = l,..., r, 
=2s+r+ l-i, for i = r + l,..., s. 
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Then {a,,,, a,,,,..., a,,,} and [ 1, s] and {a,,,, qua..., as,21 = [S + 1, 2S1, 
hence the matrix A = {aiqj 1 i = l,..., s and j = l,..., t - 1) satisfies condition 
(i). M oreover, 
Ui,l + Ui.2 = 4s + i, for i = l,..., T, 
= +s + 1 f i, for i=r+ l,...,s, 
Therefore. 
hi=?-s(l- l)- 1 ++-s+i-+, for i = l,..., r, 
2 1 
=+5-s(r-l)-- 1 ++-s+i+y, for i = r + I,..., S. 
In particular, 
t+l 
b&$(r- I)- 1 +2. 
Thus, the matrix A satisfies conditions (ii) and (iii). 
Finally, to show that condition (iii) is best possible, let A be any 
s x (t - 1) matrix satisfying conditions (i) and (ii). Then b,_, < b, -k for 
k = 0, I,..., s - 1, and so 
+ bi< “+’ (6, -k) = sb, - 
s(s - 1) 
2 . 
{T, k=O 
Since 
s s f-l 
-v bi = x x ai j 
i=l i=l jr1 ' 
scr- 1) _ -y- k= et- l)(S(f- I)+- 1) 
kc, 2 
it follows that 
b > (t-l)(s(t-l)+l) + s-l 
s/ 2 2 
2 
=J+(f- l)- 1++ 
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THEOREM 1. Let t > 2. Then 
2n - t 
M,(n) = 7 . [ I 
ProoJ Lemmas 1 and 2 imply that if 
2n-t-E 
s< 
t2 q 
where F is defined by Lemma 2(iii), then there exists a maximal set of s 
pairwise disjoint partitions of n into t distinct parts. If t is even, then E = 0 
and s < (2n - t)/t’, hence 
2n - t 
M,(n) > 7 L 1 
Iftisoddand2n-t~O(modt2),then[(2n-t-l)/t2]=~(2n-t)/t2Iand 
(**) holds. Let t be odd and 2n -t E 0 (mod t’). Then 2n = t2s + t. where 
2n - t 2n - t 
s=7= 
t [ I 
2 t 
is an odd integer. Since E = 0 for s odd, the inequality (**) holds in all cases. 
The following argument is due to Joel Spencer. Let 
1 
I 
n = \‘ ui,j 1 i = l,.... s 
,r, i 
be a set of s pairwise disjoint partitions of n into t distinct parts. Then 
7 f *t 
st(st + 1) 
i=l j=l 2 
and so s < (2n - t)/t*. Therefore, 
2n - t 
M,(n) < 7 L 1 
for all n and t. This proves Theorem 1. 
Letf,(n) denote the smallest integer such that if Y c ] 1, n] and 1 Y] >/h(n), 
then Y contains t distinct integers whose sum is n. To obtain a lower bound 
for m,(n), it is useful to estimate f,(n). 
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LEMMA 3. Let t > 3. Then 
( 1 
t+l 1 l-f n+2-5 t <f,(n)< l-f n+t. 
f ) 
Proof: Let YE [l,n], where IYI=u>(l-(l/t))n+t-1 and 
Y= (b, <b, < ... < b,). 1 claim that Y contains a partition of n into t 
distinct parts. If b,-, > n/t, then 
1 YI = / m-7 11, n/t)] + I Yn In/t, nil 
<(t-3)+(n-(n/t)+ 1) 
<u-l 
< I YL 
which is impossible. Therefore, b,-2 < n/t and 
l<b,+b,+~~~ + b,p, < (t - 2) b,p, 
< (t- 2)n 2n 
t =n-7 
Define n* = n - (b, + 6, t ... + b,-,). Then 2n/t < n* < n. There are 
[(n* - 1)/2] solutions of the equation n* = x + y in positive integers x < y. 
If n* can be represented in the form n *=bitbj,wheret-2<i<j,then Y 
contains a partition of n into t distinct parts. If this representation of n is not 
possible, then in every solution of n* = x + y either x or J’ belongs to 
{b , ,..., b,-,) U ([ 1, n]\Y). This implies that 
n* - 1 
+<+1< 2 
[ I 
< (t - 2) + (n - I W 
<(t-2)+n- [(l--f)n+t--iI 
n =-- 
t 1, 
which is impossible. Therefore,-&(n) < (1 - (l/t))n + t. 
Let n = qt + r, where q and r are integers and 0 < r < t - 1. Define 
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u = [((t - 1)/2) - ((Y + 1)/f)]. Let Y = [q - u, n I. The smallest number that 
is the sum of t distinct elements of Y is 
l-1 f(f - 1) 
x (q - u + i) = 41 - ut + ~ 
i=O 2 
an-r-t __-__ 
i 
t-1 rf 1 
1 
t(t - 1) 
2 t +2 
=n+l 
and so Y contains no partition of n into t distinct parts. Therefore. 
f,(n>>lYI+ l=n-q+u+Z 
n-r t-1 
>n-- r+l 
i + 2 
---++ 
t 
= 1-t n+y-- 
i i 
r+1 1 
t 
THEOREM 2. Let t > 3. Then 
t-2 ;- 1 <m,(n)<~+-. t(t - 1) 2t 
Proof Consider a set 3’. of s pairwise disjoint partitions of n into t 
distinct parts, and let X be the set of SC positive integers that are the parts in 
these s partitions. Suppose s ,< (n/t2) - 1. Then IX/ = st < (n/t) -t. Let 
Y= [l,n]\X. Then 
/Yl=n-1x12 1 -f n+t>f,(n) 
c 1 
and so Y contains a partition of n into f distinct parts. This partition is 
disjoint from the s partitions in X, and so .X is not maximal. Therefore, 
m,(n)>;- 1. 
Lemma 1 implies that if 
n t+2 
S>--- 
t(t-1) 2t’ 
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then there exists a maximal set of s disjoint partitions of n into t parts. 
Therefore, 
n 
m,(n) < ___ 
t-2 
t(t- 1)$2r. 
This completes the proof. 
The following improvement of the lower bound in Theorem 2 was obtained 
in collaboration with Paul Erdos. 
LEMMA 4. Let t > 3 and Y c [ I, n 1. Suppose Y contains no partition of 
n into t distinct parts. If) Y n [ 1, n/t]\ = u, then 
IYI< (l-f) n - (t - 2)u + (f - 1)‘. 
Proof. Let Yn [ 1, n/t] = (6, < b, < ... < 6,). The number of distinct 
integers of the form 
b* =bi, + biz + *.. + bi, ~,I 
where 1 < i, < i, < ... < i,-, < u is at least (t - 1)~ - t2 + 2~. Moreover, 
l<b*< If n. 
i ) 
Therefore. 
and so n-b*6? Yf~\l,n/tj. If n-b*E Yfl((n/t,n], then n is a sum oft 
distinct integers in Y, which is false. Therefore, no integer of the form n - b* 
belongs to Y, and so 
IYI=IYn[l,n/tII t /Yn(n/t,n)l 
<u+ n-r+1 
c ) 
- ((t - 1)U - t2 + 2t) 
= l-f n-(t-2)u+(t-l)*. 
c ) 
This proves the lemma. 
641/17/l 8 
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THEOREM 3. Let t > 3. Then 
- m,(n) t2-2t- 1 > (t 1)n - 
t(t2 - 2t + 2) t* - 2r + 2. 
ProoJ Let s%^ be a maximal set of s pairwise disjoint partitions of n into 
t distinct parts, and let X be the set of st integers that are the parts in the 
partitions in X. Let Y = [ 1, n]\X. Then Y does not contain t distinct 
integers whose sum is n. Since every partition in 5 contains at most t - 1 
parts not exceeding n/t, it follows that 
and so 
Lemma 4 implies that 
n - St = 1 YI 
< (l-+-2) ~[+(t-I)i+(t-1)2 
< 1-+ n-(t-2) f-l +s(t-l)(t-2)+(t-1)2 
( ) i 1 
and so 
(t - 1)n t2-t-1 
s > t(t2 - 2t + 2) - t* - 2t + 2. 
This completes the proof. 
It would be of interest to have an exact formula for m,(n), or, at least, to 
know the value of lim,,,, m,(n)/n, if it exists. 
Note added in proo$ The formula for M,(n) in Theorem 1 was obtained independently by 
Hansraj Gupta in the paper “On a partition-problem of ErdBs. Indian J. Pure and Appl. 
Math. 12 (1981). 1293-1298. 
